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A double covering of a Galois extension K/k in the sense of P. Das
(2000) [4] is an extension K˜/K of degree  2 such that K˜/k is
Galois. In this paper we determine explicitly all double coverings
of any quadratic extensions, the Carlitz cyclotomic extensions of
the rational function ﬁeld over a ﬁnite ﬁeld, and their maximal
real subﬁelds. In the case of quadratic extensions, we get the result
by Hilbert Theorem 90 and in the function ﬁeld cases, we get the
results by using the method in G.W. Anderson (2002) [1] with
a modiﬁcation and using the results in S. Bae et al. (2003) [2] and
S. Bae and L. Yin (2004) [3]. We also construct explicitly a large
kind of (q − 1)-th coverings of cyclotomic function ﬁelds.
© 2009 Elsevier Inc. All rights reserved.
1. General properties and the method
A double covering of a Galois extension K/k deﬁned by P. Das in [4] is an extension K˜/K of degree
 2 such that K˜/k is Galois. In [1] G.W. Anderson determines explicitly all double coverings of the
maximal abelian extension Qab of the rational number ﬁeld Q by introducing a homological method.
In [7] L. Yin and Q. Zhang describe all double coverings of any cyclotomic extension of Q by using
and modifying the results and methods in [1] and [4], and in [8, Sect. 4] L. Yin and C. Zhang describe
the double coverings of the maximal real subﬁelds of cyclotomic number ﬁelds. In this paper we
determine explicitly all double coverings of any quadratic extension, the Carlitz cyclotomic extensions
of the rational function ﬁeld Fq(T ) over the ﬁnite ﬁeld Fq and their maximal real subﬁelds. In the
case of quadratic extensions, we get the result by Hilbert Theorem 90. In the other cases, we get the
results by using the method in [1] with a modiﬁcation and using the results in [2] and [3]. In this
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some technical reason, we always assume char(k) = 2.
Let G = Gal(K/k) be the Galois group of the Galois extension K/k, which is a proﬁnite group. Let
K 1+ be the composite of all double coverings of K/k. The 0-th cohomology H0(G, K ∗/K ∗2) of G
with coeﬃcients in K ∗/K ∗2 is a Z/2Z-vector space. Let K1/k be a Galois subextension of K/k and
let G1 = Gal(K1/k). If K/k is an abelian extension, we set K 1+ab to be the maximal abelian subﬁeld
of K 1+ , which is the composite of all double coverings of K/k that are abelian over k. The following
properties are easy to prove.
• Let α ∈ K ∗ . Then K (√α )/K is a double covering of K/k if and only if α mod K ∗2 ∈ H0(G,
K ∗/K ∗2).
• K 1+1 ⊂ K 1+ and H0(G1, K ∗1/K ∗21 ) is a Z/2Z-subspace of H0(G, K ∗/K ∗2) in a natural way.
• If K/k is an abelian extension, then K 1+1ab ⊂ K 1+ab .
Thus to determine all double coverings of K/k is equivalent to construct a Z/2Z-basis of H0(G,
K ∗/K ∗2). It would be more natural and more meaningful to consider (q − 1)-th coverings in the
function ﬁeld case. But we do not know whether the necessity of the corresponding ﬁrst property
above holds or not for (q−1)-th coverings. So we only consider double coverings in the function ﬁeld
case. But at the end of this paper, we will construct explicitly a large kind of (q − 1)-th coverings of
cyclotomic function ﬁelds.
From now on, we assume that K/k is an abelian extension with Galois group G admitting decom-
position as a countably inﬁnite product of cyclic proﬁnite groups, in which case Anderson’s method
in [1] can be applied to determine K 1+ . In fact, in this case Anderson deﬁnes a canonical homomor-
phism
D : H0
(
G, K ∗/K ∗2
)−→ 2∧ H1(G,Z/2Z)
in the following way. Write G1+ = Gal(K 1+/Q) and G = Gal(K 1+/K ). By Kummer theory we have
a canonical isomorphism
H0
(
G, K ∗/K ∗2
) H1(G,Z/2Z). (a)
It is well known that the cohomology H2(G,Z/2Z) can be explained as the cohomology classes [Σ]
of all extensions of G by Z/2Z
Σ : 0−→ Z/2Z −→ U −→ G −→ 0.
Let H2(G,Z/2Z)− be the quotient of H2(G,Z/2Z) by the subgroup consisting of all cohomology
classes of the form [Σ] for some extension Σ of G by Z/2Z and the middle group of which is
abelian. The canonical central extension
Σ : 1−→ G −→ G1+ −→ G −→ 1
gives the cohomology class [Σ ] of H2(G,G). We have the homomorphism
H1
(
G,Z/2Z
)−→ H2(G,Z/2Z)− (b)
given by c 	→ c ◦ [Σ ] for c ∈ H1(G,Z/2Z), followed by the natural projection. Since the cohomology
class c ◦ [Σ ] is given by the extension
0−→ Z/2Z −→ G1+/ker c −→ G −→ 1,
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{
c ∈ H1(G,Z/2Z) ∣∣ G1+/ker c is abelian}.
By [1, Prop. 2.9] we have the following canonical isomorphism of Z/2Z-vector spaces
2∧
H1(G,Z/2Z) −→ H2(G,Z/2Z)− (c)
induced by cup product.
The homomorphism D above is deﬁned to be the composite of (a), (b) and the inverse of (c). We
have
ker(D) = {u (mod K ∗2) ∈ H0(G, K ∗/K ∗2) ∣∣ K (√u )/k is abelian}.
Thus the quadratic roots of elements in ker(D) generate over K the subﬁeld K 1+ab of K
1+ . Denote
D¯ : H0
(
G, K ∗/K ∗2
)
/ker(D) −→
2∧
H1(G,Z/2Z)
to be the injective homomorphism induced by D . In the cases we consider in this paper, we can
construct a Z/2Z-basis of H1(G,Z/2Z) and thus determine the Z/2Z-dimension l of the exterior
product. Then we construct l elements in H0(G, K ∗/K ∗2)/ker(D) which are Z/2Z-independent. So
we get a basis of the quotient space. The quadratic roots of the elements of the basis form a set of
generators of K 1+ over K 1+ab . In addition, we can determine K
1+
ab by Galois theory.
2. The case of quadratic extensions
In this section we determine all double coverings of any quadratic extension. We get the result by
Hilbert Theorem 90.
Let K = k(√d ) be a quadratic extension of a ﬁeld k of characteristic not 2, where d ∈ k∗ \ k∗2. Let
k1+ be the composite of all double coverings of the trivial extension of k. If S ⊂ k∗ projects to a basis
of the Z/2Z-vector space k∗/k∗2, then k1+ = k({√u }u∈S).
Proposition 1.We have:
(1) If −1 /∈ k∗2 and d−1 is not a square sum of two elements in k, then K 1+ = k1+ .
(2) If −1 ∈ k∗2 , then K 1+ = k1+( 4√d ).
(3) If d−1 = s2 + t2 with s, t ∈ k∗ , then K 1+ = k1+(
√
1+ s√d ).
(4) If −1 ∈ k∗2 and d−1 = s2 + t2 , then K 1+ = k1+(
√
1+ s√d ) = k1+( 4√d ).
Proof. For α,β ∈ K ∗ , if there exists a ∈ k∗ such that α ≡ aβ (mod K ∗2), we write α ∼ β . It is an
equivalence relation. We have k1+(
√
α ) = k1+(√β ) if α ∼ β . Let τ be the k-automorphism of K
such that τ (
√
d ) = −√d. Then G = Gal(K/k) = {1, τ }. Let N : K → k be the norm map. For α = a +
b
√
d ∈ K ∗ , where a,b ∈ k, we have
α
(
mod K ∗2
) ∈ H0(G, K ∗/K ∗2) ⇐⇒ N(α) = a2 − b2d ∈ K ∗2.
Assume N(α) = (e + f√d )2, where e, f ∈ k. Then e · f = 0.
If f = 0, then N(α/e) = 1. By Hilbert Theorem 90, we have α = e or α/e = τ (β)/β = N(β)/β2 for
some β ∈ K ∗ . Thus α ∼ 1.
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and only if −1 ∈ k∗2, and in this case α ∼ √d. The equation has a solution with a = 0 if and only if
d−1 = s2 + t2 is a square sum, where s, t ∈ k, and in this case α ∼ (1 + s√d ). Since N(α) /∈ k∗2, we
have α  1. If β is another element in K ∗ such that N(β) = f 21 d for some f1 ∈ k∗ , then N(α/β) =
( f / f1)2 ∈ k∗2. By Hilbert Theorem 90, we have α ∼ β . We complete the proof. 
Assume k is the fractional ﬁeld of a principal ideal domain R . Let R∗ be the set of unit elements
of R . Let S1 and S2 be complete representative sets of (R∗ \ R∗2)/R∗2 and {irreducible elements
of R}/R∗ respectively. Then S = S1 ∪ S2 is a Z/2Z-basis of k∗/k∗2. In this case, we can assume that
d ∈ R is square-free, and one can show that d−1 is a square sum of two elements in k if and only if d
is too. Assume k = Q is the rational number ﬁeld. Then S = {−1} ∪ {rational primes} is a Z/2Z-basis
of Q∗/Q∗2. We have
Corollary 1. Let K = Q(√d ), where 0 = d ∈ Z is square-free. If d has a prime factor of the form 4n + 3 or
d < 0, then K 1+ = Q({√p }p∈S). Otherwise, let d = u2 + v2 with u, v ∈ Z, then K 1+ = Q({√p }p∈S ∪
{
√
d + u√d }).
3. The case of cyclotomic function ﬁelds
In this section, we determine all double coverings of any cyclotomic function ﬁeld by the method
mentioned in Section 1.
3.1. Cyclotomic function ﬁelds
Let k = Fq(T ) be the rational function ﬁeld over the ﬁnite ﬁeld Fq of q elements. Put A = Fq[T ]
the polynomial ring. Let Ω be the completion of the algebraic closure of the completion Fq(( 1T )) of k
at the place 1/T . The ring homomorphism
A −→ End(Ω), T 	→ (u 	→ uq + T u)
makes Ω become an A-module, i.e. the Carlitz module. Let M ∈ A be monic. The set ΛM of M-
torsion points of the Carlitz module generates an abelian extension K over k whose Galois group
is canonically isomorphic to (A/MA)∗ . This abelian extension is called cyclotomic function ﬁeld of
conductor M . Let π¯ ∈ Ω be the period of the Carlitz module, namely the lattice π¯A of rank one
corresponds to the Carlitz module. The Carlitz exponential function eC = eπ¯A :Ω → Ω deﬁned by
eC (x) = x
∏
0 =u∈π¯A
(
1− (x/u)) (x ∈ Ω)
is an Fq-linear function. The element λ = eC (π¯/M) is an A-module generator of ΛM . Thus K = k(λ).
Following the remark in [2, Sect. 2] which is due to the referee of that paper, we also deﬁne a
function on Fq(( 1T )) which is analogous to the sine function in number ﬁeld case. For a ∈ Fq(( 1T )), let
{a} be the representation in (Fq(( 1T )) \ Fq[T ]) ∪ {0} of a modulo Fq[T ]. We deﬁne
sina = q−1√−1 · eC
(
π¯{a}/ sgn({a})),
where sgn is the sign function on Fq(( 1T )).
C. Liu, L. Yin / Journal of Number Theory 130 (2010) 469–477 4733.2. The maximal abelian subextension
Let K 1+ab be the maximal abelian subextension of K
1+/k. We ﬁrst determine K 1+ab by Galois
theory. Fix a generator γ of F∗q and set S = {γ } ∪ {monic irreducible polynomials of A}. Then k1+ =
k({√P }P∈S ).
3.2.1. It is known from [5] that the maximal abelian extension kab of k consists of three linearly
disjoint parts L∞ , F∞k and KT , where L∞ and KT are the maximal abelian extensions of k in which
the place 1/T is totally and wildly ramiﬁed and tamely ramiﬁed, respectively, and F∞k is the maximal
extension of constant ﬁeld of k. Here F∞ is the algebraic closure of Fq in Ω and KT is generated
over k by all divisor points of the Carlitz module. Notice that L∞ can also be described explicitly
by divisor points of Carlitz module over the ring Fq[1/T ]. Write G1 = Gal(L∞/k), G2 = Gal(F∞k/k)
and G3 = Gal(KT /k). Then G1 is a countably inﬁnite product of cyclic proﬁnite groups and satisﬁes
Gq−11 = G1, see [5], G2 =
∏
p Zp and G3 = lim←−M(A/MA)∗ . For a monic irreducible polynomial P , let
AP = lim←−
n
(
A/PnA
)= {∑
i0
ai P
i
∣∣ ai ∈ R
}
where R  Fqdeg P is the complete representative set of A/PA. We have G3 =
∏
P A
∗
P .
3.2.2. Let H = Gal(kab/K ). Then H2 is a subgroup of Gal(kab/K 1+ab ) and so Gal(K 1+ab /K ) is a sub-
group of the quotient group of H/H2. We have
H = ker(Gal(kab/k)−→Gal(K/k))
= ker(G1 × G2 × G3 −→ (A/MA)∗)
= G1 × G2 ×
∏
P M
A∗P × ker
(∏
P |M
A∗P −→
∏
P |M
(
A/P vP (M)A
)∗)
= G1 × G2 ×
∏
P M
A∗P ×
∏
P |M
(
1+ P vP (M)AP
)
.
For a monic irreducible polynomial P we have (A/PeA)∗ ∼= (A/PA)∗ × (A/PeA)(1) by [6, Prop. 1.6],
where (A/PeA)(1) is a p-group of order |P |e−1. One gets A∗P /A∗2P  Z/2Z. In addition, G2/G22  Z/2Z
and (1+ P vp(M)AP )2 = 1+ P vP (M)AP . We get
H/H2 = Z/2Z ×
∏
P M
Z/2Z,
which is equal to the Galois group of the extension k1+(λ)/K . Since k1+(λ) is a subﬁeld of K 1+ab ,
we get
K 1+ab = k1+(λ) = k
({λ} ∪ {√P }P∈S).
3.3. The result
3.3.1. Fix a total order < in A. Write dA for the degree of A. Put
SM = {monic prime factors of M}.
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sin,e :A−→ kab∗
such that sin[A] = sin(A) and e([A]) = eC (π¯ A) if A /∈ A, and sin[A] = 1 and e([A]) = 1 otherwise.
3.3.2. Recall that γ is a ﬁxed generator of F∗q (see 3.2). For P , Q ∈ SM with P < Q , let
aP Q =
∑
dA<dQ
A: monic
∑
dB<dP
B: monic
q−2∑
s=1
s
([
BQ + γ−s A
P Q
]
−
[
AP + γ−s B
P Q
])
.
We put
uP Q =
⎧⎪⎪⎨
⎪⎪⎩
sinaP Q , if 2 | dP , 2 | dQ ,√
P sinaP Q , if 2 | dP , 2  dQ ,√
Q sinaP Q , if 2  dP , 2 | dQ ,√
P Q sinaP Q , if 2  dP , 2  dQ .
3.3.3. The main result in this section is the following.
Theorem 1. K 1+ = k({√uP Q }P<Q ∈SM ∪ {λ} ∪ {
√
P }P∈S ).
3.3.4. If q ≡ 1 (mod 4), we can also deﬁne uP Q = sinaP Q simply. In this case we have 4
√
(−1)dP P =
(
q−1√
(−1)dP P ) q−14 ∈ K for any P ∈ SM . So we get the same result as Theorem 1. But we prefer to
deﬁne uP Q in an identical way.
3.4. The proof
3.4.1. For P ∈ SM , set P∗ = (−1)
|P |−1
q−1 P = (−1)dP P . Then √P∗ ∈ K . In fact, q−1√P∗ ∈ K . We deﬁne
eP ∈ H1(G,Z/2Z) by the rule
σ
(√
P∗
)= (−1)(eP )σ √P∗ (σ ∈ G).
Obviously, the family {eP }P∈SM is Z/2Z-independent. For 0 = e ∈ H1(G,Z/2Z), the ﬁxing ﬁeld of
ker(e) is a quadratic subextension of K/k, say k(
√
D ). Then we have D =∏i P∗i , where Pi ∈ SM ,
and e = ∑i ePi . Thus the family is a Z/2Z-basis of H1(G,Z/2Z) and the Z/2Z-vector space∧2 H1(G,Z/2Z) has the dimension |SM |(|SM | − 1)/2.
3.4.2. Let Gab = Gal(kab/k). For P , Q ∈ SM , clearly uP Q ∈ K . We are going to show uP Q ∈
H0(G, K ∗/K ∗2). By decomposing G3 above further, we have, see [3, Prop. 2.5],
Gab = G ′ × G2 ×
∏
P : monic prime
GP ,
where GP is a cyclic group of order |P | − 1 and G ′ is a countably inﬁnite product of cyclic proﬁnite
groups satisfying G ′q−1 = G ′ .
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Let J be the inertia group of the place 1/T in K , which is the subgroup of G isomorphic to F∗q . Write
s( J ) =∑σ∈ J σ . Then it is showed in [3, 4.2.5] that
e(aP Q )
1−σ = e(cσ )s( J )
(
σ ∈ Gab) (1)
for some cσ ∈A such that e(cσ ) ∈ K . The sine version of the equality is the following
(sinaP Q )
1−σ = (sin cσ )q−1. (2)
3.4.3. We now consider the equalities with σ = σL for all monic irreducible polynomials L. If
L = P , Q , it is easy to see e(cσL ) = 1 (or refer to [3, 5.1]). From [3, 5.2.4] we see that the number of
terms in cσP has the same parity as (|Q | − 1)/(q− 1). Since sin(1/N) ∈ K up to q−1
√−1 for any N | M
and degN > 0, we have
(sinaP Q )
1−σP ≡ (−1)dQ and (sinaP Q )1−σQ ≡ (−1)dP
(
mod K ∗2
)
. (3)
By this equality and the following equalities
σP
(√
P∗
)= −√P∗, σP (√Q ∗ )=√Q ∗,
σQ
(√
Q ∗
)= −√Q ∗, σQ (√P∗ )= √P∗,
one can check uP Q ∈ H0(G, K ∗/K ∗2).
3.4.4. In the case q ≡ 1 (mod 4), if we deﬁne uP Q = sinaP Q as in 3.3.4, since −1 ∈ k∗2, we get
uP Q ∈ H0(G, K ∗/K ∗2) by Eq. (3) directly.
3.4.5. By the main theorem in [3], we know that the classes of the elements
{ q−1√
L
}
L: monic prime ∪
{
e(aP Q )
}
P<Q : monic primes
in kab∗/kab∗(q−1) are linear independent over Z/(q − 1)Z, which implies the classes of the elements
{uP Q }P<Q ∈SM in the quotient H0(G, K ∗/K ∗2)/ker(D) are linear independent over Z/2Z. By com-
paring the dimension of the quotient space with that of
∧2 H1(G,Z/2Z), we see that the family
{uP Q }P<Q ∈SM projects a Z/2Z-basis of the quotient space. Thus the set {√uP Q }P<Q ∈SM generates
K 1+ over K 1+ab , which is Theorem 1.
4. The case of the maximal real subﬁelds
In this section, we determine all double coverings of the maximal real subﬁeld of a cyclotomic
function ﬁeld.
4.1. The result
4.1.1. The notations are the same as those in Section 3. Let K be the cyclotomic function ﬁeld
of conductor M over k = Fq(T ). The maximal real subﬁeld K+ of K is deﬁned to be the maximal
subﬁeld of K in which the place 1/T is unramiﬁed, that is the ﬁxed subﬁeld of K by J . We have
K+ = k(λs( J)) = k(λq−1). Let G+ = Gal(K+/k).
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factor of M in the sense of the ﬁxed order < in A. We deﬁne S+M ⊂ A as follows: If q ≡ 3 (mod 4),
put
S+M = {P , Q 0Q | Q = Q 0, P , Q are monic prime factors of M and 2 | dP , 2  dQ }
and if q ≡ 1 (mod 4), let S+M = {monic prime factors of M}.
When q ≡ 3 (mod 4), for α,β ∈ S+M , α < β , we set
u+αβ =
⎧⎨
⎩
sinaP Q , if α = P , β = Q ,
sin(am{P ,Q 0}·M{P ,Q 0}) · sin(am{P ,Q }·M{P ,Q }), if {α,β} = {P , Q 0Q },
sin(aQ 0Q 1) · sin(aQ 0Q 2) · sin(aQ 1Q 2), if α = Q 0Q 1, β = Q 0Q 2,
where m{P , Q } =min{P , Q } and M{P , Q } =max{P , Q }.
When q ≡ 1 (mod 4), for α,β ∈ S+M , α < β , we put
u+αβ = sin(aP Q ) (α = P , β = Q ).
The main result in this section is the following.
Theorem 2. K 1++ = k({
√
P }P∈S ∪ {λ q−12 } ∪ {
√
u+αβ }α<β∈S+M ).
4.2. The proof
4.2.1. By the result about K 1++ab in Section 3.2.2, we have
K 1++ab = k
({√P }P∈S ∪ {λ q−12 }).
4.2.2. For α ∈ S+M , noting
√
α ∈ K+ , we deﬁne eα ∈ H1(G+,Z/2Z) by the rule
σ(
√
α ) = (−1)(eα)σ √α (σ ∈ G+).
The family {eα}α∈S+M is Z/2Z-independent. For 0 = e ∈ H
1(G+,Z/2Z), the ﬁxing ﬁeld of ker(e) is a
quadratic subextension of K+/k, say k(
√
N ). Then N is monic and N = P∗1 · · · P∗t , where Pi are monic
prime factors of M . Noticing that
√−1 ∈ k if and only if q ≡ 1 mod 4, we have N =∏α∈W α for some
subset W of S+M . Thus e =
∑
α∈W eα . This shows that the family forms a Z/2Z-basis of H1(G+,Z/2Z)
and thus the Z/2Z-vector space
∧2 H1(G+,Z/2Z) has the dimension |S+M |(|S+M | − 1)/2.
4.2.3. Let α < β ∈ S+M . We see u+αβ ∈ K+ . For N | M , we have that sin(1/N) is invariant under the
action of J . Thus sin(1/N) ∈ K+ and so (sin cσ )q−1 ∈ K ∗2+ up to the factor −1.
If q ≡ 1 mod 4, then √−1 ∈ k∗ and thus u+αβ ∈ H0(G+, K ∗+/K ∗2+ ).
Now we assume q ≡ 3 mod 4. If α = P and β = Q are monic prime factors of M with even
degrees, by Eq. (3) sin cσP and sin cσQ are both in K
∗2+ .
If {α,β} = {P , Q 0Q }, then (u+αβ)1−σP = (sin c(1)σP sin c(2)σP )q−1, and by Eq. (3)
(
u+αβ
)1−σP ≡ (−1)dQ0+dQ ≡ 1 mod K ∗2+ ,
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1−σQ0 and (u+αβ)
1−σQ are both in K ∗2+ by Eq. (3). We consider the case α = Q 0Q 1
and β = Q 0Q 2 similarly. Finally we always have
(
u+αβ
)1−σ ∈ K ∗2+ (σ ∈ G+).
4.2.4. As the discussion in Section 3.4.5, we see that the set {sinaαβ}α<β∈S+M projects to a Z/2Z-
basis of H0(G+, K ∗+/K ∗2+ )/ker(D), and thus {
√
u+αβ }α<β∈S+M generates K
1++ over K 1++ab . We complete
the proof of Theorem 2.
5. Remarks on (q− 1)-th coverings
5.1. The (q − 1)-th coverings
5.1.1. The notations are as in Section 3. The (q − 1)-th covering K˜ of the cyclotomic extension K/k
with the conductor M is a (q− 1)-th Kummer extension of K which is non-abelian Galois over k. We
call these ﬁelds K˜ quasi-cyclotomic function ﬁelds. Although we are not able to determine all these
ﬁelds, we can construct a large kind of such ﬁelds following Section 3.
5.1.2. Deﬁne uP Q as in 3.3.2. We actually have the following equality which is stronger than Eq. (3)
as the analysis there
(sinaP Q )
1−σP ≡ (−1)dQ and (sinaP Q )1−σQ ≡ (−1)dP
(
mod K ∗(q−1)
)
.
By this equality and the equalities under Eq. (3), in fact we can get
uP Q ∈ H0
(
G, K ∗/K ∗(q−1)
)
.
5.2. The result
5.2.1. By the discussion above we have the following result.
Theorem 3. For P < Q ∈ SM , let K˜ = K ( q−1√uP Q ). Then K˜/k is a Galois extension. Namely K˜ is a quasi-
cyclotomic function ﬁeld.
5.2.2. It is interesting to study the arithmetic of these quasi-cyclotomic function ﬁelds, for example,
to determine the structures of their Galois groups and the decomposition of irreducible polynomials
in them, to study their unit groups and class numbers, to compute their genera. Especially it is very
interesting to give analytic class number formulas for this kind of ﬁelds.
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